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Abstract
Using a new method we construct all 18 remaining (unresolved for 20 years) full orthogonal
designs of order 24 in four variables. The last three remaining orthogonal designs of order 24
in 3-variables are obtained as a special case of three of these designs. ? 2000 Elsevier Science
B.V. All rights reserved.
Keywords: Orthogonal designs; Pairwise amicable matrices; Amicable set of matrices; Arrays;
Plotkin array; Circulant matrices; Additive property for matrices
1. Introduction
An orthogonal design A of order n and type (s1; s2; : : : ; sk) denoted OD(n; s1; s2; : : : ; sk)
is a matrix of order n with entries in the set f0;x1;x2; : : : ;xkg, xi's commuting
variables, such that
AAt =
kX
i=1
(six2i )In;
where In is the identity matrix of order n. It is known that the number of variables in an
orthogonal design never exceeds (n), the Radon number of n. The reader is referred
to the book of Geramita and Seberry [1] for details. In this paper we will rst extend
a recent result of Kharaghani [2] and then use it to construct some new orthogonal
designs of order 24 in (24) = 8 variables. We do this by nding an amicable set of
eight circulant matrices. As a result we are able to construct the last 18 unresolved
(for over 20 years) full orthogonal designs of order 24 in four variables. The last three
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orthogonal designs of order 24 in three variables will be a special case of these full
orthogonal designs.
Two orthogonal designs X , Y are called amicable if XY t = YX t .
Let X =
Ps
i=1 xiPi be an OD(n; u1; : : : ; us) in variables x1; : : : ; xs and Y =
Pk
i=1 yiQi
be an OD(n; s1; s2; : : : ; sk) in variables y1; : : : ; yk , then X and Y amicable implies:
1. The Pi and Qj are all f0;1g-matrices and Pi Pj =0 for 16i 6= j6s, Qi Qj =0
for 16i 6= j6k, where  denotes the Hadamard product.
2. PiPti = uiIn for 16i6s, Qj  Qtj = sjIn for 16j6k.
3. PiPtl + PlP
t
i = 0 for 16i 6= l6s, QjQtt + QtQtj = 0 for 16j 6= t6k.
4. PiQtj = QjP
t
i for 16i6s, 16j6k.
While properties 1{3 follow from the fact that X is an OD(n; u1; : : : ; us) and Y is an
OD(n; s1; : : : ; sk), property 4 is a consequence of the assumption that X and Y are
amicable.
Following [2], a set fA1; A2; : : : ; A2ng of square real matrices is said to be amicable
if
nX
i=1
(A(2i−1)At(2i) − A(2i)At(2i−1)) = 0
for some permutation  of the set f1; 2; : : : ; 2ng:
For simplicity, we will always take (i)= i unless otherwise specied. Clearly a set
of mutually amicable matrices is amicable, but the converse is not true in general.
Let circ(x1; x2; : : : ; xn) denote the circulant matrix with the rst row (x1; x2; : : : ; xn).
2. The array
We are now ready to extend a recent result of Kharaghani [2]. Note that in this
paper by an array we mean any f0;1g-matrix with orthogonal rows and columns
involving circulant or back circulant matrices.
Theorem 1. Let X = x1P1 + x2P2 and Y = y1Q1 + y2Q2 be a pair of amicable or-
thogonal designs of order n and type (u1; u2) and (s1; s2); and in variables xi and yi;
i = 1; 2; respectively. Let fA1; A2g and fA3; A4; : : : ; A8g be amicable sets of circulant
f0;1g-matrices of order m such that
u1A1At1 + u2A2A
t
2 + s1A3A
t
3 + s2A4A
t
4 + s1A5A
t
5 + s2A6A
t
6 + s1A7A
t
7 + s2A8A
t
8
is a multiple of the identity matrix Im. Let R be the back diagonal identity matrix;
Bi = AiR; Ci = AtiR; and Qi =−Qi then0
BB@
P1 ⊗ A1 + P2 ⊗ A2 Q1 ⊗ B3 + Q2 ⊗ B4 Q1 ⊗ B5 + Q2 ⊗ B6 Q1 ⊗ B7 + Q2 ⊗ B8
Q1 ⊗ B3 + Q2 ⊗ B4 P1 ⊗ A1 + P2 ⊗ A2 Q1 ⊗ C7 + Q2 ⊗ C8 Q1 ⊗ C5 + Q2 ⊗ C6
Q1 ⊗ B5 + Q2 ⊗ B6 Q1 ⊗ C7 + Q2 ⊗ C8 P1 ⊗ A1 + P2 ⊗ A2 Q1 ⊗ C3 + Q2 ⊗ C4
Q1 ⊗ B7 + Q2 ⊗ B8 Q1 ⊗ C5 + Q2 ⊗ C6 Q1 ⊗ C3 + Q2 ⊗ C4 P1 ⊗ A1 + P2 ⊗ A2
1
CCA
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is an array. Furthermore if Pi = QiR0, i = 1; 2 for some signed permutation matrix
R0; then the two amicability conditions on the Ai's can be replaced by the single
condition that the set fAig8i=1 is an amicable set of circulant matrices of order m.
Proof. X , Y are amicable, so Pi, Qi, i = 1; 2 satisfy conditions 1{4 above. Using
these properties and the additive property of Ai's one can check to see that the rows
are orthogonal. Note that the above block matrix involves circulant or back circulant
matrices only.
Corollary 2. Let
X =

x1 x2
−x2 x1

and Y =

y1 y2
y2 −y1

;
then Qi=PiR for i=1; 2; R=
(0 1
1 0

and the array of Theorem 1 reduces to the array
introduced in [2].
Proof. Write
X = x1

1 0
0 1

+ x2

0 1
− 0

= x1P1 + x2P2
and
Y = y1

1 0
0 −

+ y2

0 1
1 0

= y1Q1 + y2Q2:
We see that Qi = Pi
(0 1
1 0

, i = 1; 2. Thus the condition of Theorem 1 applies and we
obtain the following array which is the array introduced in [2] and is valid for any
amicable set of eight circulant matrices for which
8X
i=1
AiAti
is a multiple of the identity matrix.
0
BBBBBBBBBBB@
A1 A2 A4Rn A3Rn A6Rn A5Rn A8Rn A7Rn
−A2 A1 A3Rn −A4Rn A5Rn −A6Rn A7Rn −A8Rn
−A4Rn −A3Rn A1 A2 −At8Rn At7Rn At6Rn −At5Rn
−A3Rn A4Rn −A2 A1 At7Rn At8Rn −At5Rn −At6Rn
−A6Rn −A5Rn At8Rn −At7Rn A1 A2 −At4Rn At3Rn
−A5Rn A6Rn −At7Rn −At8Rn −A2 A1 At3Rn At4Rn
−A8Rn −A7Rn −At6Rn At5Rn At4Rn −At3Rn A1 A2
−A7Rn A8Rn At5Rn At6Rn −At3Rn −At4Rn −A2 A1
1
CCCCCCCCCCCA
:
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Example 3. Let
X =
0
BB@
x1 x2 x2 x2
−x2 x1 x2 −x2
x2 x2 −x1 −x2
x2 −x2 x2 −x1
1
CCA
= x1
0
BB@
1 0 0 0
0 1 0 0
0 0 − 0
0 0 0 −
1
CCA+ x2
0
BB@
0 1 1 1
− 0 1 −
1 1 0 −
1 − 1 0
1
CCA= OD(4; 1; 3):
Let
Y =
0
BB@
y1 y1 y2 y2
y1 −y1 y2 −y2
−y2 −y2 y1 y1
−y2 y2 y1 −y1
1
CCA
= y1
0
BB@
1 1 0 0
1 − 0 0
0 0 1 1
0 0 1 −
1
CCA+ y2
0
BB@
0 0 1 1
0 0 1 −
− − 0 0
− 1 0 0
1
CCA= OD(4; 2; 2):
Then the array of Theorem 1 reduces to
2
666666666666666666666666666664
A1 A2 A2 A2 A3R A3R A4R A4R
−A2 A1 A2 −A2 A3R −A3R A4R −A4R
A2 A2 −A1 −A2 −A4R −A4R A3R A3R
A2 −A2 A2 −A1 −A4R A4R A3R −A3R
−A3R −A3R −A4R −A4R A1 A2 A2 A2
−A3R A3R −A4R A4R −A2 A1 A2 −A2
A4R A4R −A3R −A3R A2 A2 −A1 −A2
A4R −A4R −A3R A3R A2 −A2 A2 −A1
−A5R −A5R −A6R −A6R −At7R −At7R At8R At8R
−A5R A5R −A6R A6R −At7R At7R At8R −At8R
A6R A6R −A5R −A5R −At8R −At8R −At7R −At7R
A6R −A6R −A5R A5R −At8R At8R −At7R At7R
−A7R −A7R −A8R −A8R At5R At5R −At6R −At6R
−A7R A7R −A8R A8R At5R −At5R −At6R At6R
A8R A8R −A7R −A7R At6R At6R At5R At5R
A8R −A8R −A7R A7R At6R −At6R At5R −At5R
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A5R A5R A6R A6R A7R A7R A8R A8R
A5R −A5R A6R −A6R A7R −A7R A8R −A8R
−A6R −A6R A5R A5R −A8R −A8R A7R A7R
−A6R A6R A5R −A5R −A8R A8R A7R −A7R
At7R A
t
7R −At8R −At8R −At5R −At5R At6R At6R
At7R −At7R −At8R At8R −At5R At5R At6R −At6R
At8R A
t
8R A
t
7R A
t
7R −At6R −At6R −At5R −At5R
At8R −At8R At7R −At7R −At6R At6R −At5R At5R
A1 A2 A2 A2 At3R A
t
3R −At4R −At4R
−A2 A1 A2 −A2 At3R −At3R −At4R At4R
A2 A2 −A1 −A2 At4R At4R At3R At3R
A2 −A2 A2 −A1 At4R −At4R At3R −At3R
−At3R −At3R At4R At4R A1 A2 A2 A2
−At3R At3R At4R −At4R −A2 A1 A2 −A2
−At4R −At4R −At3R −At3R A2 A2 −A1 −A2
−At4R At4R −At3R At3R A2 −A2 A2 −A1
3
77777777777777777777777777775
If we take Ai = ai, then we have an OD(16; 1; 2; 2; 2; 2; 2; 2; 3). If we also switch the
place of X and Y we get an OD(16; 1; 1; 1; 2; 2; 3; 3; 3).
3. The algorithm
We now develop an algorithm to use the known set of supplementary circulant
matrices of order 3 to construct an amicable set of eight matrices suitable for the array
of Corollary 2.
Start with a set of four circulant matrices A, B, C and D in variables a, b, c and d
satisfying an additive property: AAt + BBt +CC t +DDt = (r1a2 + r2b2 + r3c2 + r4d2)I3
for some ri. From matrices A, B, C and D construct four new circulant matrices, E, F ,
G and H by replacing a by e, b by f, c by g and d by h. The new matrices obviously
satisfy an additive property as above but in variables e, f, g and h. We then search
to nd a pairing from the set fA, B, C, D, E, F , G, Hg to form an amicable set of
eight matrices.
Example 4. Let A = circ(a; b; c), B = circ(d;−a; b), C = circ(−c; d; a), and D = circ
(−b; c; d). Then AAt + BBt + CC t + DDt = 3(a2 + b2 + c2 + d2)I3. Now form E =
circ(e; f; g), F = circ(h;−e; f), G = circ(−g; h; e), and H = circ(−f; g; h). Then EEt
+ FF t + GGt + HH t = 3(e2 + f2 + g2 + h2)I3. Now a computer search uncovers the
relation AH t − HAt + BGt − GBt + CF t − FC t + DEt − EDt = 0. Thus, we have an
amicable set of eight circulant matrices.
Substituting these matrices in the array of Corollary 2, we get an OD(24; 3; 3; 3; 3; 3;
3; 3; 3). An orthogonal design of this type was rst constructed by Plotkin [3], and are
called Plotkin arrays.
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The amicable matrices obtained in this way seem to be rare but very useful as we
see in the next theorem.
Theorem 5. Let fA; B; C; D; E; F; G; Hg be an amicable set of circulant matrices
of order n obtained from the above algorithm. Then there is an
OD(12(p+ 1); 3; 3; 3; 3; 3p; 3p; 3p; 3p)
for each prime power p  3 (mod 4).
Proof. By a result of Kharaghani [2] Theorem 4, for each prime p  3 (mod 4) there
is an array of type (1; 1; 1; 1; p; p; p; p) suitable for an amicable set of eight circulant
matrices fAig8i=1, such that
P4
i=1 (A2i−1A
t
2i−1 + pA2iA
t
2i) is a multiple of the identity
matrix. Let A1 =A, A2 =H , A3 =B, A4 =G, A5 =C, A6 =F , A7 =D, and A8 =E from
Example 4.
Then
4X
i=1
(A2i−1At2i−1 + pA2iA
t
2i)
=AAt + BBt + CC t + DDt + p(HHT + GGt + FF t + EEt)
=3(a2 + b2 + c2 + d2)I3 + 3p(e2 + f2 + g2 + h2)I3;
which is a multiple of the identity matrix. We already know that fAig8i=1 is an amicable
set of circulant matrices. Then we have an OD(12(p+ 1); 3; 3; 3; 3; 3p; 3p; 3p; 3p):
4. Eight-variable orthogonal designs
In this section we will construct some crucial new orthogonal designs of order 24
in eight variables. Eight is the largest number of variables not prohibited by theory
for order 24. Using the algorithm above, we determined matchings for the matrices of
p. 348 of [1], which we list in Table 1 for the convenience of the reader. The rst
column is the type of the orthogonal design obtained when the circulant matrices A,
B, C, and D, whose rst rows are shown in the table, are used in a Goethals{Seidal
array (see p. 99 of [1]).
On applying the algorithm all full weight ones except the (1,1,1,9)-type had match-
ings and thus lead to amicable sets of eight matrices. Substituting these matrices in the
array of Corollary 2 we obtain some new full orthogonal designs of order 24 in eight
variables. We list those found in Table 2. The rst column indicates the weight tuple.
The other columns have the rst rows of the eight circulant matrices A1; : : : ; A8 which
satisfy
4X
i=1
(A2i−1At2i − A2iAt2i−1) = 0:
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Table 1
Known [1, p. 348] ODs of order 12 in four variables
type A B C D
(1; 1; 1; 1) (a; 0; 0) (b; 0; 0) (c; 0; 0) (d; 0; 0)
(1; 1; 1; 4) (a; 0; 0) (b; 0; 0) (c; d;−d) (0; d; d)
(1; 1; 1; 9) (a; d;−d) (b; d;−d) (c; d;−d) (d; d; d)
(1; 1; 2; 2) (a; 0; 0) (b; 0; 0) (c; d; 0) (c;−d; 0)
(1; 1; 2; 8) (a; d;−d) (b; d;−d) (c; d; d) (−c; d; d)
(1; 1; 4; 4) (a; c;−c) (0; c; c) (b; d;−d) (0; d; d)
(1; 1; 5; 5) (a; c;−c) (b; d;−d) (c; d; d) (−d; c; c)
(1; 2; 2; 4) (a; d;−d) (0; d; d) (b; c; 0) (b;−c; 0)
(1; 2; 3; 6) (a; d;−d) (c; d; d) (c;−d; b) (c;−b;−d)
(2; 2; 2; 2) (a; b; 0) (a;−b; 0) (c; d; 0) (c;−d; 0)
(2; 2; 4; 4) (a; c; d) (a;−d;−c) (b; c;−d) (b;−c; d)
(3; 3; 3; 3) (a; b; c) (−b; a; d) (−c;−d; a) (−d; c;−b)
Table 2
New full ODs of order 24 in eight variables
type A1 A3 A5 A7
A2 A4 A6 A8
(1; 1; 1; 1; 2; 2; 8; 8) (a; d;−d) (b; d;−d) (c; d; d) (−c; d; d)
(g; h; h) (−g; h; h) (e; h;−h) (f; h;−h)
(1; 1; 1; 1; 5; 5; 5; 5) (a; c;−c) (b; d;−d) (c; d; d) (−d; c; c)
(g; h; h) (−h; g; g) (e; g;−g) (f; h;−h)
(1; 1; 2; 2; 3; 3; 6; 6) (a; d;−d) (c; d; d) (c;−d; b) (g;−f;−h)
(g; h; h) (e; h;−h) (g;−h; f) (c;−b;−d)
(2; 2; 2; 2; 4; 4; 4; 4) (a; c; d) (b; c;−d) (b;−c; d) (e;−h;−g)
(e; g; h) (f; g;−h) (f;−g; h) (a;−d;−c)
(3; 3; 3; 3; 3; 3; 3; 3) (a; b; c) (−b; a; d) (−c;−d; a) (−h; g;−f)
(e; f; g) (−g;−h; e) (−f; e; h) (−d; c;−b)
Table 3
New non-full ODs of order 24 in eight variables
type A1 A3 A5 A7
A2 A4 A6 A8
(1; 1; 1; 1; 1; 1; 4; 4) (a; 0; 0) (c; d;−d) (0; d; d) (e; 0; 0)
(b; 0; 0) (0; h; h) (g; h;−h) (f; 0; 0)
(1; 1; 1; 1; 2; 2; 2; 2) (a; 0; 0) (c; d; 0) (c;−d; 0) (e; 0; 0)
(b; 0; 0) (g; h; 0) (g;−h; 0) (f; 0; 0)
(1; 1; 2; 2; 2; 2; 4; 4) (a; d;−d) (0; d; d) (b; c; 0) (b;−c; 0)
(0; h; h) (e; h;−h) (f; g; 0) (f;−g; 0)
(2; 2; 2; 2; 2; 2; 2; 2) (a; b; 0) (a;−b; 0) (e; f; 0) (e;−f; 0)
(c; d; 0) (c;−d; 0) (g; h; 0) (g;−h; 0)
The remaining matrices all had matchings and lead to new orthogonal designs of order
24 in eight variables. We list the ones found in Table 3.
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Table 4
OD(24; 1; 1; 2; 2; 3; 3; 6; 6)2
66666666666666666666666666666666666666666666664
a d d g h h h h e d d c f h g b d c d b c h f g
d a d h g h h e h d c d h g f d c b b c d f g h
d d a h h g e h h c d d g f h c b d c d b g h f
g h h a d d d d c h h e b d c f h g h f g d b c
h g h d a d d c d h e h d c b h g f f g h b c d
h h g d d a c d d e h h c b d g f h g h f c d b
h h e d d c a d d g h h b d c f h g h f g d b c
h e h d c d d a d h g h d c b h g f f g h b c d
e h h c d d d d a h h g c b d g f h g h f c d b
d d c h h e g h h a d d f h g b d c d b c h f g
d c d h e h h g h d a d h g f d c b b c d f g h
c d d e h h h h g d d a g f h c b d c d b g h f
f h g b d c b d c f h g a d d g h h h h e d d c
h g f d c b d c b h g f d a d h g h h e h d c d
g f h c b d c b d g f h d d a h h g e h h c d d
b d c f h g f h g b d c g h h a d d d d c h h e
d c b h g f h g f d c b h g h d a d d c d h e h
c b d g f h g f h c b d h h g d d a c d d e h h
d b c h f g h f g d b c h h e d d c a d d g h h
b c d f g h f g h b c d h e h d c d d a d h g h
c d b g h f g h f c d b e h h c d d d d a h h g
h f g d b c d b c h f g d d c h h e g h h a d d
f g h b c d b c d f g h d c d h e h h g h d a d
g h f c d b c d b g h f c d d e h h h h g d d a
3
77777777777777777777777777777777777777777777775
We now illustrate the use of the tables by constructing an OD(24; 1; 1; 2; 2; 3; 3; 6; 6).
This orthogonal design is of particular interest as we will see in the next section.
Following the algorithm and from the middle row of Table 2, A1=circ(a; d;−d), A2=
circ(g; h; h), A3=circ(c; d; d), A4=circ(e; h;−h), A5=circ(c;−d; b), A6=circ(g;−h; f),
A7 = circ(g;−f;−h), and A8 = circ(c;−b;−d). Substituting these matrices in the array
of Corollary 2 gives the OD(24; 1; 1; 2; 2; 3; 3; 6; 6) presented in Table 4, where a; : : : ; h
represent −a; : : : ;−h, respectively.
Corollary 6. The following are the types of orthogonal designs of order 24:
(1; 1; 1; 1; 1; 1; 1; 1) (1; 1; 1; 1; 1; 1; 4; 4) (1; 1; 1; 1; 2; 2; 2; 2)
(1; 1; 1; 1; 2; 2; 8; 8) (1; 1; 1; 1; 4; 4; 4; 4) (1; 1; 1; 1; 5; 5; 5; 5)
(1; 1; 2; 2; 2; 2; 4; 4) (1; 1; 2; 2; 3; 3; 6; 6) (2; 2; 2; 2; 2; 2; 2; 2)
(2; 2; 2; 2; 4; 4; 4; 4) (3; 3; 3; 3; 3; 3; 3; 3):
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Remark 7. Our computer search using the given set of circulant matrices provides
many matchings. We used one of the matchings to give the above orthogonal design.
Other matchings may provide inequivalent orthogonal designs.
Remark 8. In Example 4, we demonstrated a Plotkin array. We found many Plotkin
arrays of order 24. The problem of inequivalence of these arrays will be discussed
elsewhere.
5. Construction of full 4-tuples
We begin this section by quoting the following result from p. 391 of [1]. See also
[4]
(Robinson) All 4-tuples of form (a; b; c; 24− a− b− c), 06a+ b+ c< 24, are the
type of orthogonal designs of order 24 except possibly:
(1; 4; 4; 15) (1; 7; 8; 8) (2; 2; 7; 13) (2; 4; 4; 14) (2; 4; 7; 11)
(2; 7; 7; 8) (3; 3; 7; 11) (3; 4; 4; 13) (3; 4; 6; 11) (3; 4; 7; 10)
(3; 5; 8; 8) (3; 6; 7; 8) (3; 7; 7; 7) (4; 4; 5; 11) (4; 4; 6; 10)
(4; 4; 7; 9) (4; 5; 7; 8) (5; 5; 6; 8):
It seems that none of the above missing 4-tuples were found in the past 20 years.
By equating suitable variables in the OD(24; 1; 1; 2; 2; 3; 3; 6; 6) obtained earlier we
obtain all orthogonal designs of the above type, except (4; 4; 5; 11).
As a rst step toward obtaining (4,4,5,11), we needed to extend the algorithm of
Section 3. In the algorithm of Section 3 we constructed E, F , G, H from A, B, C, D
and then searched for a pairing from the set fA, B, C, D, E, F , G, Hg to form an
amicable set of eight matrices. We extended the algorithm by selecting E, F , G, H
from a second set of matrices of Table 1 and then searched for a matching.
Yet while this extended algorithm gave more orthogonal designs which we could
not obtain (4; 4; 5; 11) and thus needed a further renement of the algorithm. We sub-
stituted some of the variables, for example, by replacing all f's by d's and all a's, b's
and e's by c's in the set of eight matrices prior to searching for a pairing. This enhanced
our chance of obtaining an amicable set of matrices.
We found the following matching, one of many, which gave (4,4,5,11). Namely,
there is a matching of fAig8i=1 obtained by using the third row of Table 1 (with
a and b replaced by c): A1 = circ(c; d;−d), A4 = circ(c; d;−d), A5 = circ(c; d;−d),
A2 = circ(d; d; d) and the second last row of Table 1 (with a, b, c and d replaced by
c, d, b and a, respectively): A3 = circ(c; b; a), A6 = circ(c;−a;−b), A8 = circ(d; b;−a),
A7 = circ(d;−b; a). This matching is the one listed in the Table 6. Substituting these
matrices in the array of Corollary 2 gives the OD(24; 4; 4; 5; 11) presented in
Table 5, where a; : : : ; h represent −a; : : : ;−h, respectively.
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Table 5
OD(24; 4; 4; 5; 11)2
66666666666666666666666666666666666666666666664
c d d d d d d d c a b c b a c d d c a b d a b d
d c d d d d d c d b c a a c b d c d b d a b d a
d d c d d d c d d c a b c b a c d d d a b d a b
d d d c d d a b c d d c d d c b a c a b d a b d
d d d d c d b c a d c d d c d a c b b d a b d a
d d d d d c c a b c d d c d d c b a d a b d a b
d d c a b c c d d d d d b a d b a d a b c d d c
d c d b c a d c d d d d a d b a d b b c a d c d
c d d c a b d d c d d d d b a d b a c a b c d d
a b c d d c d d d c d d b a d b a d d d c a b c
b c a d c d d d d d c d a d b a d b d c d b c a
c a b c d d d d d d d c d b a d b a c d d c a b
b a c d d c b a d b a d c d d d d d d d c b a c
a c b d c d a d b a d b d c d d d d d c d a c b
c b a c d d d b a d b a d d c d d d c d d c b a
d d c b a c b a d b a d d d d c d d b a c d d c
d c d a c b a d b a d b d d d d c d a c b d c d
c d d c b a d b a d b a d d d d d c c b a c d d
a b d a b d a b c d d c d d c b a c c d d d d d
b d a b d a b c a d c d d c d a c b d c d d d d
d a b d a b c a b c d d c d d c b a d d c d d d
a b d a b d d d c a b c b a c d d c d d d c d d
b d a b d a d c d b c a a c b d c d d d d d c d
d a b d a b c d d c a b c b a c d d d d d d d c
3
77777777777777777777777777777777777777777777775
In Table 6, the rst column indicates the 4-tuple. The other columns have the rst
rows of the eight circulant matrices A1; : : : ; A8 which satisfy
4X
i=1
(A2i−1At2i − A2iAt2i−1) = 0:
While all but the (4,4,5,11) tuple could be obtained from the new eight variable orthog-
onal design OD(24; 1; 1; 2; 2; 3; 3; 6; 6) of Section 3, the matchings of Table 6 provide
yet another way to construct those tuples. The orthogonal designs obtained this way
are very likely to be inequivalent to those obtained from the OD(24; 1; 1; 2; 2; 3; 3; 6; 6).
6. Construction of 3-tuples
There are 406 possible orthogonal designs in three variables. All such triples were
mentioned on p. 391 of [1] as constructible except possibly (4; 4; 15), (7; 7; 7) and
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Table 6
Amicable sets for four variable ODs of order 24
type A1 A3 A5 A7
A2 A4 A6 A8
(1; 4; 4; 15) (a; d;−d) (d; c; b) (d; d;−d) (d;−c; b)
(d; d; d) (d; d;−d) (d;−b;−c) (d; c;−b)
(1; 7; 8; 8) (a; d;−d) (b; c;−c) (b; d; d) (−b; c; c)
(b; c; c) (b; d;−d) (b; c;−c) (−b; d; d)
(2; 2; 7; 13) (a; d;−d) (c; c;−d) (c;−c; d) (b;−d;−c)
(a; d;−d) (c; d;−d) (d; d; d) (b; c; d)
(2; 4; 4; 14) (a; d;−d) (d;−b;−c) (d; d; d) (d; c;−b)
(d; c; b) (a; d;−d) (d; d;−d) (d;−c; b)
(2; 4; 7; 11) (a; d;−d) (c;−b;−c) (d; d; d) (d; c;−b)
(c; c; b) (a; d;−d) (c; d;−d) (d;−c; b)
(2; 7; 7; 8) (b; d;−d) (b;−c; a) (b; d; d) (−b; d; d)
(b; c; c) (b; d;−d) (b;−a;−c) (c; c;−c)
(3; 3; 7; 11) (b; d;−d) (d; c; c) (d;−a;−c) (c; c;−c)
(d;−c; a) (a; d;−d) (b; d; d) (−b; d; d)
(3; 4; 4; 13) (a; d;−d) (d; c; b) (a; d;−d) (d;−c; b)
(d; d; d) (a; d;−d) (d;−b;−c) (d; c;−b)
(3; 4; 6; 11) (a; d;−d) (c; c; b) (a; d;−d) (d;−c; b)
(d; d; d) (a; d;−d) (c;−b;−c) (d; c;−b)
(3; 4; 7; 10) (b; d;−d) (b;−c; d) (a; d; d) (−a; d; d)
(b; c; c) (a; d;−d) (b;−d;−c) (c; c;−c)
(3; 5; 8; 8) (b; d;−d) (a; c; c) (b; c;−c) (−a; c; c)
(a; c;−c) (b; d;−d) (b; d; d) (−b; d; d)
(3; 6; 7; 8) (c; d;−d) (a;−b; c) (c; d; d) (−c; d; d)
(a; b; b) (c; d;−d) (a;−c;−b) (c; b;−b)
(3; 7; 7; 7) (c; c;−c) (a; c; c) (a;−c; b) (b;−b;−d)
(b; d; d) (d; d;−d) (b;−d; b) (a;−b;−c)
(4; 4; 5; 11) (c; d;−d) (c; b; a) (c; d;−d) (d;−b; a)
(d; d; d) (c; d;−d) (c;−a;−b) (d; b;−a)
(4; 4; 6; 10) (b; d;−d) (d; d;−d) (b;−c;−a) (c; a;−c)
(b; a; c) (c;−a; c) (b; d;−d) (d; d; d)
(4; 4; 7; 9) (c; c;−c) (b; d;−d) (d;−d; a) (b;−a;−c)
(d; d; d) (b; c; c) (b;−c; a) (d;−a;−d)
(4; 5; 7; 8) (a; d;−d) (a;−c; b) (b; d; d) (−b; d; d)
(a; c; c) (b; d;−d) (a;−b;−c) (c; c;−c)
(5; 5; 6; 8) (b; d;−d) (a;−c; a) (b; d; d) (−b; d; d)
(a; c; c) (b; d;−d) (a;−a;−c) (b; c;−c)
(7; 8; 8). The same 3-tuples are mentioned on p. 405 of [5] as unresolved, indicating no
progress since 1979. We now see that these are special cases of the tuples (1; 4; 4; 15),
(3; 7; 7; 7), and (1; 7; 8; 8), respectively, of the preceding section by setting variable a
to zero.
Remark 9. Note that each of the above matrices can be used to generate an innite
number of new orthogonal designs by applying Theorem 5.
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